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Suppose we have a set S with n elements and k linear orders on S: < ,, 
c 2r . . . . cIr. Let Mc S, then M has one minimum for each order < ,, -C 2r . . . . < kr 
so at most M has k minima. M is called a Zmin-set if it has at most two diKerent 
minima for orders < , , < 2, . . . . ct. Similarly, an N c S may have at most k minima 
and k maxima for k orders. N is called a Zminmax-set if there exists a, 6~ N, such 
that the elements of N- {a, 6) lie between a and b in all of the k orders. In this 
paper we improve the earlier estimations for the sizes of 2min and Zminmax subsets 
of S. In addition we get some tight results for small k’s, 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let us consider a ground-set S. ISJ = n, and k orders on S: < , , 
< 2, . ..) <k. Suppose, that k = 2, and n = n: + 1. Then the ErdGs-Szekeres 
theorem [ES] implies, that there exists an H= {h,, AZ, . . . . h,,} c S which 
satisfies for i = 1, 2, either 
h, -ci h,-ci+-. <i h,, 
or 
h,,-+h,,-, <;... <ih,. 
Obviously, this H satisfies that in every order c i, the minimum of H 
and the maximum of H is either h, or h,,. Suppose that we would like to 
find large subsets A4 and N of S which satisfy less strict requirements, 
namely, 
I{miniM:i=l,2,...,k}1<2 (1) 
or 
I (mini N, max, N: i = 1,2, . . . . k} I < 2, (2) 
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where min, X and max, X denote the minimum and maximum of set Xc S 
in order < i. 
For any k orders, any set has at most k minima and k maxima, but A4 
has only at most two minima and N has two elements, say, a and b, such 
that N is between a and b for orders < ,, i= 1, 2, . . . . k. Obviously, every 
two-element subset of S satisfies (1) and (2). H= {hi, hz, . . . . A,,} also 
satisfies (1) and (2). 
Let us call A4 a 2min-set if it satisfies (l), and N a 2minmax-set, if it 
satisfies (2). Let us denote P(n; < ,, < *, . . . . ck) the size of the largest 
2min-set of S with fixed orders < 1, < 2, . . . . ck, and p(n, k) the minimum 
of P(n; <,, C2 ,..., ck) for all k-tuples of orders. Similarly, let us denote 
Qb; cl, < 2, . . . . ck) the size of the largest 2minmax-set for orders 
<I, <2, **‘, <k, and q(n, k) the minimum of Q(n; < ,, < 2, . . . . Ck) for all 
k-tuples of orders. 
Clearly 
0, k) d ph k) (3) 
and 
dn, 2k) G qh k), (4) 
since, if we consider the 2k orders 
-1 
<I, <, 
1 I 
, <2, <; ,..., <kr <k-v 
then any 2min-set M for these 2k orders is a Zminmax-set for 
<I, <2,-, <k* 
From the Erdos-Szekeres theorem, for n = nf + 1, 
nl G 4th 2). 
Iterating this result, we get that there exists a 0 < c = c(k) < 1 such that 
nC < q(n, k). 
Moreover, Barany and Lehel [BL] proved, that for given k orders 
< 1, < 2, . . . . < k there exists an R c S (RI < rk, where rk is a constant in n, 
such that for all x E S 3a,, b, E R, satisfying 
or 
b,<ix<ia, 
for i = 1,2, . . . . k. 
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In other words, x is situated between the same two elements of R for all 
orders. One can choose (;“) pairs from R, so the result of Barany and Lehel 
implies that 
(5) 
This means that for any k orders there exist linear size 2min and 2minmax 
subsets of S. In [BL] rk is shown to be less than 
2 cozkk log k 
for some positive constant c,,. This implies that 
2-C12kk’ogka<q(n, k), 
for some c, > 0. 
Our Theorem 3.1 in Section 3 improves (6): 
(6) 
2- 2k+‘+‘n < q(n, k). (7) 
Barany and Lehel gave a construction for ISI = 2*“-’ which satisfies that all 
2minmax-set has size ,< 2. So, the estimation in our Theorem 3.1 is close to 
the optimum. For small k’s we give tight results in the next section. 
2. TIGHT RESULTS FOR SMALL k's 
In this section we determine the exact values of p(n, 3) and q(n, 2). 
THEOREM 2.1. 
n+l 
p(n,3)= -j- +l. [ 1 
Proof. Suppose that n is of the form n = 34, + 1, then we show that 
(a) forallorders -c~, c2, < 3 on S, there exists a 2min-set H of size 
n,+ 1 and 
(b) there exist orders < i, < 2, < 3 such that the size of the largest 
2min-set is n, + 1. 
The similar proofs for n = 3n, + 2 and n = 34 are left to the reader. 
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In the proof we need a simple notion of block-orders. Let A = 
(4, a,, . . . . a,}, B= {b,, b,, . . . . b,}, and C = {c,, c2, . . . . c,} be three disjoint 
sets. We fix an order < of the elements of these sets, say a,, < a,,+ 1, 
bi<bi+I, cj<cl+Iv for h= 1,2, . . . . p- 1; i= 1,2, . . . . q- 1, j= 1,2, . . . . r- 1. 
Sets A, B, C with this fixed order are called blocks. A -’ denotes the block 
with elements of A and with the inverse order: 
a,<a,-, < ... <a,. 
The sequence of the symbols, 
A B-’ C, 
denotes the order on set A v Bv C. 
and, similarly, we use, for example, 
CBA-’ 
for the order 
c1<c2< ... <~,-~<c,<b,<b~< . . . 
<b ,_I<b,<a,<a,_,< ... <a,<a,. 
Proof of part (a): Let Si denote the first n, + 1 elements, according 
to order ci, i= 1, 2, and let S3 be the first n, elements in order < 3. 
Since ISI 1 + I S21 + I S,I = 34, + 2 > n, there exists an element a E S and 
i,jE{1,2,3}, i#j, such that aE S,n Si. Suppose aE S, n S,. Then 
H’= (S-S,)n (S-S,) satisfies 
IH’I an,,+ 1, (8) 
and elements of H’ are greater than a in orders < , and < 3. Then 
H = {a} u H’ is a 2min-set of size at least n, + 2, and we are done. 
When a E S2 n S3, then with H’ = (S - S,) n (S n S,) the same argument 
holds. Suppose that S, n S3 = S2n S3 = 0, and aE S, n SZ. Then 
H’=(S-S,)n(S-S,)satisties IH’I>n,, and H=H’u{a} isa 2min-set 
of size at least n, + 1, and the proof of part (a) is completed. 
Proof of part(b). We construct orders < , , < *, and < 3 such that the 
greatest 2min-set is of size n, + 1. Let S be the union of disjoint sets A, B, 
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and C, where (A( =n,+ 1, (B( = (C( =n,. Consider orders c,, c2, c3, 
determined by block-orders: 
<,:A-‘BC 
<,:C?AB 
<,:B-‘AC. 
We state that the largest 2min-set has n, + 1 elements. If H is a 2min-set, 
and H has common elements with two blocks, then-since each block is 
the first in one of the orders--H cannot intersect the third block. 
Moreover, since every two blocks occur in order X-‘Y and XY (i.e., B-‘C 
and BC, A- ‘C and AC, A - ‘B and AB), thus if H intersects two blocks 
then it intersects one of them in only one element. It is easy to see that if 
}HnAj>2 then HnB=HnC=@, thus IH/<n,,+i. Let us observe 
that A is a 2min-set of size n, + 1. 1 
THEOREM 2.2. 
n-4 
4h2)= 5 +2. r 1 
Proof: First we prove 
and then we suppose that n = 5n, + 4, and show that 
(b) there exist orders < 1 and cZ such that the size of the largest 
Zminmax-set is n, + 2. 
Similar proofs for other values of n mod 5 are left to the reader. 
Proof of part (a). We consider an equivalent form of the statement. Let 
s= {Xl, x2, . ..) x,,} and suppose that 
x, <* x2 <, .‘. <, x, 
and 
x,,<2x,*<2... <2X,“. 
Consider n x n matrix A = (a,), where 
au= xi, 
if i= lj; 
0, otherwise. 
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So elements of S are inscribed into matrix A such that each row and each 
column of A contains exactly one element of S. Particular elements 
x1 7 XII, XI,, and x,” are situated on the border of matrix A: 
x, .‘. 0 
0 . . . 0 
0 0 . . . 
0 
0 n 
. . . x 0 
Let x, = a@ and x, = ak,, for some u # V. Then we call x,x,-rectangle the 
submatrix of A, 
which contains elements asr of A, where ids <k or k <s < i and j < z < 1 
or I < z < j. Let H’ be the set of those element of S which are in the 
x,x,-rectangle. Let H” = H’- (x,, x,}. We say that the x,x,-rectangle 
couers the elements of H”. 
It is easy to see, that H’ is a 2minmax+et, with minima and maximae 
{x,, x,}; and, moreover, every 2minmax-set corresponds to a set covered 
by an xy-rectangle for some x, y E S. Let S’ = S - (x, , x,, , x,, x,“}. One 
can easily verify that S’ is covered by the union of x,xt,, x,,x,, x~x,,, 
x,“x,, and x,,x,” rectangles. One of them covers at least one-fifth of the 
elements of S’, 
n-4 I-1 5 
elements, and contains two additional elements in the comers. This implies 
the statement of part (a). 
Proof of part (b). As in proof of Theorem 2.1, we describe < 1 and < 2 
with the help of block-orders. Let A, B, C, D, and E disjoint sets, 
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S=AuBuCuDuE, andlet JAj=IBI=lDl=IEj=no+l and ICI=nO. 
Then consider the following orders: 
<,: ABCDE 
-c2: DA-ICE-’ B. 
Let H be a 2minmax-set. Then H may intersect at most two of the blocks 
A, B, D, E in a non-empty set, since these blocks are situated on the left 
or the right end of the first or the second order. Suppose that H has non- 
empty intersection with two sets of A, B, D, or E, say, with A and B. Then 
one of them intersects H in exactly one element, using similar reasoning as 
in proof of Theorem 2.1(b). Thus, if H n C= @ then the proof of part (b) 
is complete. It is easy to verify that if H n C # 0 then H may intersect at 
most two other blocks in at most one-one element (e.g., H = {b, d} u C, 
b E B, d E D is a 2minmax set). Since ICI = n,, we are done. 1 
3. THE GENERAL CASE 
THEOREM 3.1. 
n 
2 2kcl-l _ p 1 - 1 
d 4(% k). 
Proof: Let us consider graph K,, the complete graph on set S. We color 
the edges of K,, with 2k-’ colors as follows: 
Let u, b E S. We say that between order < i and order < i + r a crosses 8, 
if 
either acijI and jJ<i+Icl, 
or B<iCt or Gl<i+lb 
is satisfied. Now we color edge CL/I with color b = (b,, bZ, . . . . b,- ,) E 
(0, Qk-‘, where for i= 1, 2, . . . . k - 1, bi = 0, if between orders <i and 
<i+l tl does not cross b, and bi = 1, if between orders < i and ci+ I a 
crosses fi. Following this procedure, we color all the edges of K, with 
elements of set {O, 1 }“- ‘. Note, that for x <, y K I z, if the color of both xy 
and yz is b then xz also has color 6. 
Now, if we find some u and u E S and a subset H’c S satisfying for 
some i: 
Vx E H’, u<ix<~o, (*) 
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3bE (0, l}k-1, such that Vx E H’, both ux and ux 
are colored to b, (**I 
then for arbitrary 1 < j < k in order cj x is situated between u and U, so 
that H = H’ u {u, u} is a 2minmax-set for the given k orders with minima 
and maxima E {u, u). Our goal is to find elements U, U, color b, and set H 
which satisfy (*) and (**), and 1 H( > ckn, where 
1 
Ck = 
2 2~+‘-le22~-1-*’ 
Let us consider order < , on the elements of S. We fix this order. We say 
that elements xi, x2, x3, ,..) xg E S forms an x1 x2x3.. .xg monotone 
monochromatic path of length g- 1 if 
(a) x,<,x2<,x3<,~~~<,x*, or x,<,?c,_,<,x,_,<,...<,x, 
and 
(b) the edges xix,+ i, i = 1,2, . . . . g - 1, have the same color. 
Note, that (a) and (b) imply that xix, (1~ i < j< g) also has the same 
color. 
Suppose, that for given S and for the given coloring, all H has size less 
than ckn. Let m = 2k ~ ‘, so edges of K, are colored by m colors. We would 
like to define a sequence a,, a,, . . . . a, of the elements of S and an S, c S, 
s,n (a,, a2, . . . . a,} = 0 which satisfy the following condition. 
Condition. For any 1 d i < j < k < I and any x E S,, neither aia,ak nor 
a,ujx forms a monotone monochromatic path. 
Let a, be the smallest and a2 be the largest element of S in order < ,. 
Let Sz = S. Obviously, a,, a,, and S, satisfy the condition, and /S,/ = n. 
Suppose that sequence a,, a2, . . . . a, and S, satisfy the condition, and 
suppose, that the following inequality is also satisfied: 
,S,,>n(l-c,(q--I)). (9) 
Now we try to define a,+ i E S, and S,, , c S,. 
If S,= 0 then we fail to define a,, , and S,, , . Suppose that S, # 0, then 
we define a directed graph G(S,, E) as follows: 
Let U, y E S,; (u, y) E E if 3 < I for which a,uy is a monotone, mono- 
chromatic path. We have supposed that all H has size less than ckn, so for 
a fixed a, and for a fixed y less than ckn, u exist such that a,uy forms a 
monotone monochromatic path. Hence the in-degree of all YES, is less 
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than fc,n. This implies that there exists a u E S, with out-degree less than 
Zc,n. Let us define a,, , = u and let 
s ,+,=S,-((a,+,)u~+(a,+*)), 
where T+(x) = (2~ S,: (x, z) EE}. It is easy to see that a,, , and S,, , 
satisfy the condition. Moreover, 
IS,+,l>n(l--c,(y-1)). (10) 
We state that Slm = 0; that is, adm+, cannot be defined. Conversely, 
suppose that we succeeded in defining elements a,, u2, . . . . aqm + , , satisfying 
the condition. This sequence consists of 4”+ 1 elements, and each pair 
is colored by one of m colors. Then a,, a,, . . . . uqm + 1 contains a length four, 
monotone, monochromatic path, say, a, <, ag <, a, <, a6 <, a,, by [C]. 
The Erdds-Szekeres theorem [ES] implies that the sequence a, /?, y, 6, E 
contains a monotone subsequence of length 3, say a < /I< E is satisfied. 
Then a,, ap, aE is monotone, monochormatic path which violates the 
condition, and this is contradiction. So we obtain S4”= (21, which implies, 
using (lo), that 
1 
ck> a,,-, 2 42m-I -1’ ’ 
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